Let H be a separable Hilbert space. We consider the manifold M consisting of density operators ρ on H such that ρ p is of trace class for some p ∈ (0, 1). We say σ ∈ M is nearby ρ if there exists C > 1 such that C −1 ρ ≤ σ ≤ Cρ. We show that the space of nearby points to ρ can be furnished with the two flat connections known as the (±)-affine structures, which are dual relative to the BKM metric. We furnish M with a norm making it into a Banach manifold. Keywords: Infinite dimensional quantum information manifolds with dually flat affine connections.
Introduction

The problem
The set of states of a classical or quantum system can be furnished with the L 1 -norm relative to a reference measure (or the trace norm for quantum systems). The associated metric is not the ideal measure of distance between states. For example, in infinite dimensions any trace-norm hood of a state ρ of finite entropy contains a dense set of states of infinite entropy. These cannot be near ρ in any physical sense. We would also expect that a viable geometric description of the dynamics of a macroscopic system would be a path {ρ(t), t ≥ 0}, where the relative entropy S(ρ(t)|ρ(0)) := Tr ρ(t)(log ρ(t) − log ρ(0))
is finite. This is so because the relative entropy is closely related to the free energy. These requirements cannot be controlled by the trace norm. We propose a stronger topology for the manifold, controlled by a new norm which we call the Araki norm, as it arises naturally in H. Araki's theory of 'expansionals'. This is sufficient for the relative entropy between a state any any of its neighbours to be finite, as well as ensuring that the mixture connection, and the canonical connection, are defined on the manifold. They are then dual relative to the Bogoliubov-Kubo-Mori metric. Our condition is far from being necessary for these results, however; so we can expect that this is not the last word on dual information geometry. We start with §1.2, a review of our definition [10, 11] of the quantum information manifold in infinite dimensions. This makes use of the theory of relatively bounded perturbations, and constructs a manifold with a metric and the (+1)-affine structure. In § 2 we note that the (−1)-affine structure can be defined for a vector subspace of the tangent space defined there, namely, for nearby states. We say that a density matrix σ is nearby the density matrix ρ if there exists a constant C > 1 such that
in the sense of operator inequality.
In the context of faithful states on von Neumann algebras, Araki had proved [2] that (2) is enough to ensure that the relative Hamiltonian of ρ and σ is a bounded element of the algebra, with a holomorphic property. Our theory is in a more concrete setting, in which these results are true but not so deep. By establishing the converse of Araki's theorem in our simple case, we are able to show that the (+1)-affine structure is retained on this subspace, which therefore has two flat affine structures.
The quantum information manifold
Let H be a separable Hilbert space, and B(H) the W*-algebra of bounded operators on H, with norm · . Recall [10] that the quantum information manifold for H is constructed as follows. Let C p , 0 < p < ∞ be the vector space of A ∈ B(H) such that
Then C p is the Schatten class, a Banach space, for 1 ≤ p ≤ ∞ and is a complete quasinormed space for 0 < p < 1 [9] . Let Σ be the convex set of (von Neumann) density operators on H. Then we defined the underlying set of the information manifold to be
Thus M is the set of density operators ρ such that there exists p ∈ (0, 1) such that ρ p is of trace-class. Given ρ 0 ∈ M we suggested [10, 11, 6] various norm topologies on M for points near ρ 0 as follows: write ρ 0 = exp{−H 0 − Ψ 0 }, where H 0 ≥ 0, and let X be a quadratic form defined on Q(H 0 ) := Dom(H 1/2 0 ), such that for some ǫ ∈ [0, 1/2] we have
We showed that if this norm is small enough, H 0 + X defines a self-adjoint operator, that
holds, that the generalised expectation ρ 0 · X can be defined, and adjusted to zero, which determines the normalising constant Ψ X . Then the partition function Z X := e Ψ X was shown to be a Lipschitz continuous function of X in the norm · ǫ , if ǫ = 1/2, and C ∞ in the Fréchet sense, and analytic in the canonical coordinates, if 0 ≤ ǫ < 1/2. We showed that topologised in this way around each ρ 0 ∈ M, M becomes a Banach manifold. Each 'hood of a point is a convex set, under the convex structure
. This defines the (+1)-affine structure on M.
So far, we have been unable to prove that (for some choice of ǫ) if ρ, σ ∈ M then λρ + (1 − λ)σ ∈ M. Thus, the (−1)-affine structure is missing. In the next section we find a subspace on which both the (+1)-affine structure and the (−1)-affine structures are defined; this turns out to be the same space as used by Araki in the much more general case of KMS-states. It is not complete in any of the epsilon norms; however, it is complete in a norm arising in Araki's theory.
2 Nearby states and the (−1)−affine structure It is convenient to extend the states by scaling, to get finite weights on B(H). We denote the extended space of states byΣ and the extended manifold byM. We write a finite weight as ρ X = exp(−H 0 − X).
We shall also use a more general concept than being nearby:
Definition 1 Suppose that there exists C > 1 and p ∈ [0, 1) such that in the sense of operator inequalities,
Then we say that σ is p−nearby ρ.
It is clear that in the case p = 0 this is an equivalence relation. This case reduces to (2), so that σ and ρ are nearby each other. Let ρ 0 ∈Σ and suppose that ρ X is nearby ρ 0 . Then Araki [2] proved that X is bounded. In our special setting, this is a corollary to an easy result.
Theorem 2 If ρ 0 , ρ X ∈Σ and ρ X is p−nearby ρ, then X is an H 0 -bounded form, with form bound ≤ p.
PROOF. The map X → log X is an operator monotone map, which also applies to forms. Taking logs of (7) we get as an inequality of forms
This shows that Q(X) ⊆ Q(H 0 ), so the forms X and H 0 are comparable, and we may cancel H 0 to get
Thus, X is an H 0 -bounded form, with form bound ≤ p; if p = 0 we see that X is bounded by log C. QED Suppose now that σ 1 and σ 2 are finite weights, and both are p−nearby the finite weight ρ. Then λσ 1 +(1−λ)σ 2 is p−nearby ρ. This follows easily form the definition (7). Since any state is p−nearby itself, we see that the set of states that are p−nearby ρ 0 form a mixture family. The problem is to find a norm topology (relative to the (+1)-linear structure) such that all (−1)-mixtures lie in the 'hood of the state ρ in that norm topology.
Araki's analyticity and its converse
Araki [2] showed in the context of KMS theory, that if ρ X is nearby the state ρ, then the map
is bounded and holomorphic in the circle {t ∈ C : |t| < 1/2}.
This suggests the definition of the Araki norm:
Definition 3 For any ρ ∈ M and any bounded operator X,
In our context, we prove a converse, to get Theorem 4 Suppose that X ∈ B(H), and that ρ and ρ X are finite weights. Then (8) holds if and only if ρ X is nearby ρ.
PROOF. From Araki's result, we only need to prove the 'only if' direction. We start with the Matsubara expansion
and obtain a formal expansion for the quadratic form
Each of the components ±(α 1 + . . . + α j − 1/2), 1 ≤ j ≤ n lies between −1/2 and 1/2, so by (8) each term is bounded by M n /n!, where M = X A , defined in (8) . So the series is norm convergent to a bounded operator of norm ≤ C := e M . The series is then known to
In the other direction we consider the unbounded positive operators ρ −1 X and ρ −1 related by the formal series
Multiplying on the left and right by ρ 1/2 it becomes a series of bounded operators:
Again, each term is bounded by M n /n! so we get, as forms
Now, A → A −1 is an operator-monotone decreasing map, so we get
From this we see if the the hood of a state ρ be taken to be the subset of M consisting of states ρ X that are nearby ρ 0 , then the tangent space at ρ carries both the canonical and the mixture affine structures. This follows from this theorem, and the obvious fact that (+1)−mixtures of states having the property (8) also have that property. One can immediately see that the norm given by the BKM-metric is weaker than the Araki norm:
It can be shown that it is properly weaker; in our proposed topology, the manifold is not complete in the BKM metric, and so also not complete in any epsilon norm, or the Orlicz norm suggested in [12] .
A Banach manifold with canonical-mixture duality
Let us start with the manifold M, of [10] as a set, but define its topology using the Araki norm rather than one of the epsilon norms . We extend the manifold by allowing finite faithful weights as well as faithful states. If ρ is a finite faithful weight, it can be written as ρ = exp{−H 0 }. We allow as points of the hood of ρ all the nearby weights. These are all finite and faithful. The points in a hood form a (−1)−mixture family. By Theorem(4), the family is parametrized by those bounded operators X such that ρ t Xρ −t is bounded and holomorphic in |t| < 1 2 . This family is convex under the canonical, that is, (+1)−affine structure, since if X and Y obey this condition, so does λX + (1 − λ)Y . More, the space is complete in the Araki norm (using the canonical affine structure to define the uniformity). For, a sequence of functions holomorphic and bounded in an open disc, which is a Cauchy sequence in the sup norm, converges to a bounded holomorphic function in the same disc. It has two flat affine structures, the canonical (+1) and the mixture, (−1). We now show that they are dual relative to the BKM metric.
Theorem 5 (Duality) The (±)−affine structures defined here are dual relative to the BKM metric.
PROOF. By construction, the relative entropy S(ρ 0 |ρ X ) between two nearby states ρ 0 and ρ X is finite, and by the result of [11] , it is smooth. By definition, the BKM metric is half of the second (Fréchet) derivative of this. This is also the metric obtained as half of the Hessian of the Legendre dual, the other relative entropy S(ρ X |ρ 0 ). Then g is the Hessian of (S(ρ 0 |ρ X ) + S(ρ X |ρ 0 )) = −Tr {X(ρ 0 − ρ X )}, by a simple calculation. Now X is the displacement in the state along a (+1)−geodesic, and ρ 0 − ρ X is minus the displacement along a (−1)−geodesic. If ρ 0 − ρ X := δρ is small in the Araki norm, the left-hand side is close to g(δρ, δρ) and the right-hand side is Tr {δρ + δρ − }. This is the mixed representation of the BKM-metric, and the equation expresses the duality.
QED
We may furnish the tangent space of M with the Araki norm, for bounded holomorphic operators X(t) = ρ t Xρ −t in the disc |t| < This is true, since they are related by conjugation with the Connes cocycle ρ t 0 ρ −t 1 , and this is bounded and analytic in the disc [8] . In this way, we have a (smallish) Banach manifold with the dual structure.
We can see that the trace norm on states is weaker than the norm X on the space of perturbations, and therefore also weaker than the Araki norm. Indeed, { ρ t Xρ −t } is thus also stronger than the trace norm. The expansional for the relative entropy shows that all states σ in an Araki 'hood of a point ρ ∈ M has finite relative entropy S(ρ|σ), which was the desired property.
